SUMSETS IN THE SET OF SQUARES
CHRISTIAN ELSHOLTZ AND LENA WURZINGER

ABSTRACT. We study sumsets A+ B in the set of squares S (and,
more generally, in the set of k-th powers Sk, where &k > 2 is an
integer). It is known by a result of Gyarmati that A+ B C Sp N
[1, N] implies that min(| A|, | B|]) = Ok(log N). Here we study how
the upper bound on | B| decreases, when the size of | A| increases
(or vice versa). In particular, if | A| > Ckwm(log N)# , then | B| =
Ox(m?log N), for sufficiently large N, a positive integer m and an
explicit constant C' > 0. For example, with m ~ loglog N this
gives: If | A| > Cy loglog N, then | B| = O (log N (loglog N)?).

1. INTRODUCTION

1.1. Sumsets in sets of arithmetic interest. An important topic
in additive combinatorics is the study of large sumsets

A+B={a+b:ac Abec B}

contained in sets C of special arithmetic interest, such as the set of
primes, squares, pure powers, squarefree numbers and others. Most
sets C cannot be written as a sumset in a nontrivial way, i.e. with
| Al,|B] > 2. Wirsing [33] proved that most sets C cannot even be
asymptotically written as a nontrivial sumset A + B, i.e. where the
symmetric difference between C and A + B is finite.

1.2. The set of squares. For the set of squares there are several
reasons why it cannot be written as a sumset, some are elementary,
some are deep: For any two elements ai,ay € A there can only be
finitely many corresponding squares a; + b;, as the difference between
consecutive squares increases, but (as + b;) — (a1 + b;) does not. Less
trivially, if there are infinitely many values x such that all of ay +x, as+
T, a3+ are squares, then the elliptic curve y* = (a;+x)(ay+1)(az+x)
would contain infinitely many integral points (x,y), contradicting a
famous theorem of Siegel [30].
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Séarkozy [24] raised the question if the set of quadratic residues mod-
ulo primes can be written as a nontrivial sumset, and conjectured that
this is impossible. This question was taken up in particular by Shpar-
linski [29], Shkredov [27], and Hanson and Petridis [19].

In this paper, we study sumsets A + B in the set of integer squares
S = {1,4,9,...}, as well as more generally in the set of k-th integer
powers Sy, where k > 2 is an integer.

According to Guy [17, sections D14 and D15], Erdés and Leo Moser
asked about integers whose pairwise sums are all squares. Examples
with 5 positive integers are due to Jean Lagrange e.g.

{7442, 28658, 148583, 177458, 763442} .

No example with 6 positive integers seems to be known. Leo Moser,
John Leech and others also asked about sumsets of two distinct sets of
integers. The following results are known:

When | A| = 2 or | A| = 3, then there exist arbitrarily large sets B
such that A+ B C S. In fact, according to [23, Theorem 4], for the
case | A| =2, a set B C [1, N] can be almost as large as the maximal
value of the divisor function in [1, N]. That is, | B is infinitely often
as large (but also not much larger than)

exp((log2 — o(1))log N/loglog N).

Here and throughout the paper we use Landau’s notation.

For the case | A| = 3, it has been shown in [10] that it is possible to
have B C [1, N] with | B| > C(log N7 for suitable C' > 0. By contrast,
it is conjectured that for | A| > 4, the set B is bounded by an absolute
constant: In [1, comment after Theorem 4.6] the authors explain that
this follows from the Bombieri-Lang conjecture. For related work see
3, 28].

Also iterated sumsets have been studied in the set of squares. Let
H = ag+{0,a1} +--- 4+ {0,aq} denote a Hilbert cube in the set of
squares. Solymosi [31] conjectured that the maximal possible value
d is absolutely bounded, which again follows from the Bombieri-Lang
conjecture. Unconditionally, Dietmann and Elsholtz [8, 9] proved that
for Hilbert cubes in & N [1,N] the dimension is bounded by d =
O(loglog N), improving on an earlier result of Hegyvéri and Sarkozy
[20], and generalising a result of Csikvari [6].

Gyarmati [18] provided a significant upper bound for the size of the
smaller set.

Theorem (Theorem 9 in [18]). Let A, B C [1,N] with A+ B C Sk.
Then, for sufficiently large N, the following holds: min (| Al,|B|) <
4k log N.
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We are interested in how the size of one of the sets influences the
upper bound on the other set. In this direction we prove the following
results:

Theorem 1. There exist constants Cy, Cy > 0 such that the following
holds. Let A,B C [1,N] with A+ B C Sy, where k > 2 is a positive
integer, and Sy denotes the set of all k-th powers. Moreover, let m be
a positive integer. If
| B| > Cym?*klog N,
then
| A| < Comk (log N .

For sufficiently large N, Cy = 2304, Cy = 1152 are admissible. (When
m — 00, then Cy can be chosen close to 24.)

This improves upon Gyarmati [18] in the asymmetric case. In partic-
ular, when | B| is larger than log N by a small factor, then the upper
bound on | A| drops quickly towards O(loglog N). By contraposition
the opposite also holds, i.e. when | .A| is bounded from below, then the
corresponding upper bound on | B| follows.

A natural threshold in Theorem 1 for the size of m is loglog IV, as
for larger m both bounds on | Al,|B| get worse. In particular, with
m = |loglog N| this implies the following special case:

Theorem 2. Let A, B C [1, N] with A+ B C Sk, where k > 2 is a
positive integer, and Sy denotes the set of all k-th powers. Then there
are positive constants cy,ce (depending on k) such that the following
holds. Suppose that

| A| > ¢1loglog N.
Then
| B| < calog N(loglog N)?.

Other special cases, when | B| is slightly larger than log N, follow
from the corollaries below.

Corollary 1. Let A,B C [1, N] with A+ B C Sy, where k > 2 is a
positive integer, and Sy denotes the set of all k-th powers. Let h(N) =
o(loglog N). There are constants cy,co (depending on k) such that, if

log N (loglog N)?
>
|B| — C]- h(N)2 )
then o Lo
oglo
|A| < e~ 25 exp(h(N)).

h(N)
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Corollary 2. Let A,B C [1,N] with A+ B C Sy, where k > 2 is a
positive integer, and Sy denotes the set of all k-th powers. Let €,0 > 0
and assume that

| Al > (log N
Then

| B| = 0675(10g N)

In particular, if m is a positive integer such that % < 6, then for
sufficiently large N (in terms of € and k), we have

| B < Cm?klog N,
with C' > 0 a positive constant independent of €,0 and k.

Another measure of the size of the sets is the product | A||B|. In
the symmetric case | A| = | B| one also has | A|| B| = O ((log N)?) by
Gyarmati’s result. Here we prove in a quite large range on the sizes of
the sets related upper bounds:

Corollary 3. Let A, B C [1, N| with A+B C Sy, such that | B| > | A| >
3kCsloglog N, or, more generally, such that | A| € [3kCyloglog N, 8log N,
where N 1s sufficiently large and Cy is defined as in Theorem 1. Then

| Al Bl = Ox((log N)?).

Moreover, if one of the sets is of size Cym?log N (with Cy and m as
in Theorem 1), then

| AJ| B| = Ox(m?*(log N)**m).
1.3. Strategy and tools for the proof.

1.3.1. Proof strategy. Sieve methods usually deduce bounds on the
counting function, when restrictions on the number of residue classes
modulo primes are known. In the case of binary sumsets, the follow-
ing strategy has been proved useful, see [11] for sumsets in the set of
primes. For one of the two sets, say the first set, one uses an “inverse
sieve” to deduce information about the distribution of residue classes
modulo primes from the counting function. If this set is smaller than
O(V/N), then one might use Gallagher’s larger sieve [16].

This information on the distribution of residue classes of the first set
is converted to information about the residue classes of the second set.
In this paper we take particular emphasis on this conversion of infor-
mation. This is where we introduce the Weil inequality and Burgess
type estimates to the topic. This local information modulo primes on
the second set then gives, by another sieve application, an upper bound
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on the size of the second set. In this case this second sieve is also Gal-
lagher’s larger sieve, whereas in the case of primes [11] it was the usual
large sieve in Montgomery’s form.

1.3.2. Methods of proof. We first collect some general bounds on the
problem of sumsets in the set of k-th powers modulo p and later apply
a sieve method to obtain a result in the integer case.

The following inequalities concerning sumsets A, 4+ B, contained in
the quadratic residues (which can easily be adapted to allow for zero
to also be represented by the sumset) are known:

Lemma 1. Let p be a prime. Then the following inequalities concern-
ing A, + B, contained in the set of quadratic residues hold.
o Lrdds and Shapiro [15]: | A,|| B,| < p.
e Hanson and Petridis [19, Theorem 1.2]': | A,[|B,| < &1 for
p > 3.

Lemma 2 (See Sarkozy [24], Conrad [5], Peralta [22]). We have
p
[ Aol = 551 + 1Bl v/
In particular, if | By| > 515 logp, then | Ay| = O(y/plogp).

Lemma 3 (Weil, see [26]). Let x be a multiplicative character of order
d>1of Z/pZ. Assume that g(x) € (Z/pZ)|x] has r distinct zeros in
the algebraic closure of Z/pZ and that it is not a constant multiple of
the d-th power of a polynomial over Z/pZ. Then the following bound
holds:

> x(f@)

TEL/pZ

< (r—1)y/p.

We now adapt a result of Trevino [32, Theorem 1.1] and obtain the
following Burgess-type result [2] concerning sums of the form

Z x(a+ )

a€Ap

-1

D

=0

2m

hS]

Y

where A, C Z/pZ and x is a nonprincipal character of order k. A
precursor of Burgess [2] is Davenport and Erdds [7].

IThis follows from their formula | A,|| B,| < d+|.A,N(—B,)| with d = (p—1)/2
and A, N (—B,) = 0.
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In the mentioned sources, only sums with 4, being an interval were
considered. However, the proofs only utilise estimates on the cardinal-
ity of the set

{(a1,... azm) € AT :
(x+ay) - (2+am) (@ + am) - (2 + agm)?" is a square},

which just depends on the cardinality of A, and not on its structure,
so they can easily be extended to general sets A,. (For comparison,
recall that well known results by Chang [4] require intervals.) Our
considerations lead to the following adaptation of Trevino [32, Theorem
1.1]. We first state the estimates in a sharper form, as this might be
useful in another context, and then simplify the bounds for our specific
application.

Lemma 4 (see Theorem 1.1 in [32]). Let m be a positive integer, let p be
a prime and let A, C Z/pZ. Furthermore, denote by x a nonprincipal
character. Then, if m < 9| A,|, the following estimate holds:

Z Z CL‘*’IL’) < Qm—m'p| Ap|m+(2m— 1)\/]_?| Ap|2m‘
acAp ’

=0

For an application to sumsets in the set of squares, we only need
the result of Lemma 4 in the special case where y is the Legendre
character, which we will discuss separately below. As demonstrated by
our subsequent proof, the condition that m < 9|.A,| can be omitted in
this case.

Lemma 5. Let m > 1,k > 2 be positive integers, let p > 3 be a prime,
let A, C Z/pZ, and denote by x the Legendre symbol. Furthermore,

let
Sa,(x) = Z x(a+ x).

acAp

Then, for \/p— (2m — 1) > 0, the following estimate holds:

DS (@) < 2R A BB~ (2m = 1)+ @2m 1)y A

Moreove'r, we also have the following bound:

. om  (2m)!
D 184, (@)™ < S Pl Al + (2m = 1)Vl A"
x=0 ’

We now derive bounds on the cardinality of sumsets in the k-th
powers modulo primes from Lemmas 4 and 5.
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Lemma 6. Let k be a positive integer, let p be a prime such that p = 1
mod k, and let A, + B, C Ry U {0}, where Ry, denotes the set of k-th
powers modulo p. If m < 9| A,|, then

B4~ 0 < ET 4+ 2m - )] A

If k = 2, the condition that m < 9| A,| can be omitted.

Proof. We choose a nonprincipal character x whose order divides k. We
note that the group of characters modulo p is isomorphic to (Z/pZ)*,
and that [(Z/pZ)*| = p — 1 is divisible by k. Hence such a character
exists, for instance by Cauchy’s theorem.

Now, an application of Lemma 4 (or Lemma 5 in the case k = 2)
yields the claimed inequality. U

We now use the bound * T ), < m™ to obtain a simplified version of

Lemma 6, which we will use for our proof. Actually, Stirling’s formula
gives ;nm) -~ 2m ( )™. However, in our application, this small loss
gives essentially the same result as Lemma 6, up to a small multiplica-
tive constant.

Lemma 7. Let m > 1,k > 2 be positive integers, let p be a prime, and
assume that p = 1 mod k and that A, + B, € Ry, U {0}, where Ry,
denotes the set of k-th powers modulo p. If m < 9| A,| or if k = 2,
then

| Bol (| Apl = 1) < m™| Ay |"p + 2m| A, ™" /.

Eventually we employ Gallagher’s larger sieve to prove the main re-
sult, i.e. Theorem 1. The sieve transforms the local information modulo
primes of one of the two sets A or B into an upper bound of the other
set.

Lemma 8 (Gallagher’s larger sieve, [16]). Let A be a set of positive
integers with counting function A(N) = > 4,y 1 and let P’ be a
set of primes. Suppose that for p € P', A intersects at most v(p)
restdue classes modulo p. Then, provided the denominator is positive,
the following bound holds:

AN) < 08N ¥ 2peplogp
—log N + > cpilogp/v(p)

1.4. Comparison with sumsets in the primes. Let us summarize
what is known in the case of sumsets in the set of primes P. If A+ B C
P, then the counting functions A(N) = >, 4 ,<n 1 and B(N) satisfy
A(N)B(N) = O(N) (proved by Wirsing, for details see [13]). It seems



8 CHRISTIAN ELSHOLTZ AND LENA WURZINGER

surprising that one cannot rule out the possibility of sumsets in the set
of primes, where the summands are two sets of integers of size about
V/N. For ternary sumsets the situation is better, here it can be proved
that the set of primes cannot asymptotically be decomposed into three
sumsets, see [11].

The asymmetric binary case, when one of the sets is much smaller
than the second one, has attracted attention: When | A| = k is finite,
then an upper bound on B(N) = Ok(ﬁ) follows from a small sieve
argument. Quite recently, V. Kuperberg [21] extended this using the
small sieve up to k = o((log N)*/*). Upper bounds by means of the
large sieve have been given by Elsholtz [11, 12, 13, 14]: In particular:

if A(N) increases more quickly, e.g. (log N)",r > 1, then

B(N)=0 N
(N) =0, exp (¢, log N logloglog N/ loglog N)

can be proved, i.e. when r increases, then the upper bound B(/N) tends
quite quickly to the threshold v/N. The special case r = 1 has recently
found an unexpected application to the complexity of primes, see [25].

From this one observes a striking asymmetry: a quite small set A
forces the second set B to be almost as small as in the symmetric case
when A(N) = B(N) = O(v/N). Our main result, Theorem 1, proves a
corresponding asymmetry in the case of the squares.

2. PROOFS

2.1. Character sum estimates. As mentioned earlier, while Trevino
(32, Theorem 1.1] only formulates Lemma 4 in the case where A, is an
interval, the proof in [32] only depends on the cardinality of the interval
and does not rely on any relations between its elements. In order to
demonstrate this, we give a proof in the special case of the Legendre
character, which we stated earlier as Lemma 5.

Proof of Lemma 5. We expand the inner sum using the multiplicativity
of the Legendre symbol and change the order of summation.

p—1 2m p—1
DD xa+m)l =3 > x(@w+a) (@ +am)
=0 ' a€A, =0 (a1,...,a2m )EAZ™

- Y Suera)lram).

(al,...,azm)EA%m z=0
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Now, we partition A2™ into two sets: A2 =T U (A>™ \ T), where
(w+a1)---(as+a2m)

is a square in (Z/pZ)|x] if and only if (ay,...,a9,) € T.
Thus we can use Weil’s Lemma 3 in order to bound all summands
not in 7T

>

(a1,.-.,a2m)

eAZ™\T

S (@t ) (@ + azm)) ] < @m— DyB( A" — | T1).

For the remaining summands, we apply a trivial estimate:

>

(a1,...,a2m)ET

St a)- (o) < T

=0

Adding the two bounds yields

Z x(a+ )

2m

< (2m = DBl A" + Vb(VP = (2m = 1)) T

z=0 'acA,

We note that if (ay,...,as,) € T, then each a; appears an even
number of times in (a1, ..., azy). Given an element (ci,...,cp,) € A7,
we create an element (ay,...,asy,) in 7 as follows: We choose indices
i1 < ... <1y and set a;; = ¢; for j = 1,...,m. For the remaining m
spots ag,, . ..,ax,, we choose some permutation o of {1,...,m} and
set A, = Co(i)-

For (cy,...,cm) € A, we have at most (27;”)77@! different choices, and
iterating over all of A", each (a1,...,a2,) € T gets created at least
2™ times (since for all a; = a;, either i or j can be chosen first.) Thus

1 (2m)!
) 7] < 5 b LA™

Hence, if \/p — (2m — 1) > 0, we have the following bound:

Z x(a+ )

am _ (2m)!
- 2mm)!

| A" V(P = (2m = 1))

+(2m — 1)/p| A, )*™.

Furthermore, bounding (\/p — (2m — 1))| 7| by /p|T| and then
applying inequality (1) gives the second claimed inequality. 0
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2.2. Application of sieve methods. Throughout this section, let
N € N be a positive integer, and let A, B C [1, N| such that

A+ B CS,

where Sy denotes the set of k-th powers for an integer k£ > 2. Moreover,
for any prime number p = 1 mod k, we define

va(p) = [ A mod p|
vg(p) = | B mod p|.
By Lemma 7, we know that
vs(p)(va(p) = 1)*™ < m™va(p)"p + 2mva(p)*™/p
if va(p) > %m. We note that the two terms on the right are equal if
m 2m p
valp) = L
V2m
and we remark that V2m = exp(%) € [1,2]. We hence observe
that

vs(p)(va(p) = 1)*™ < dmua(p)™™/p
for v4(p) > m 2x/p.
Proof of Theorem 1. Let
M={peP :valp) >4m =x/p},
where P’ = {p prime : p = 1 mod k} denotes the set of primes congru-
ent to 1 modulo k, and let
y = (48myp(k)log N)?,

where ¢ denotes the Euler totient function. Further, assume that | B| >
2304m?log N.
By the prime number theorem for arithmetic progressions, we have

Thus, one of the following two cases has to hold (for sufficiently large
N).

Case 1: The following inequality holds:

y
logp > —L—.
Z 2p(k)

pEM
p<y



SUMSETS IN THE SET OF SQUARES 11

Case 2: The following inequality holds:

y
logp > ——.
Z 4p(k)

pEM
Py

We start with
Case 1: We assume that

y
logp > ——.
Z 2p(k)

peEM
p<y

For p € M, we have (by definition of M and in view of Lemma 7)
vs(p)(va(p) — D)™™ < dmua(p)™"v/p.

Hence
vg(p) < 4m (#gp_)l)m\/ﬁ: 4m <1+ W)m\/ﬁ
< 4m (1+ %@)Qm\/ﬁ
< 4m (1+ Qmiw)m\/p
< 4m (1+%)2m\/p

< 12m./p,

as (1 + ﬁ)Qm = exp (2m log (1 + ﬁ)) < 3. Now, by the hypothesis of
case 1,

1 1 1 1
Z ogp > Z ogp > Z ogp > VY > 21og N.
v vs(p) v 12m,/p v 12my/y — 12m 2p(k)
P<y Py P<y

Thus, by Gallagher’s larger sieve,
5y < (Lt ou/elh) (Lt o(D)y/e(k)

< TR - < 2304 m*klog N.
—log N + pr€<f\; V5 () Tomem VY

This contradicts our assumption on the cardinality of B.

Case 2: Suppose that

y
logp > ——.
Z 4p(k)

pEM
Py
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For all p ¢ M, we have v4(p) < 4m 2t/p. Hence by the hypothesis of
case 2,

log p log p
>
Z va(p) — Z 4m 2/p

pgM peM
Py P<y
log p 1y 1
= >logN + ———y " 2m
1%\:4 4m 2y 4m 4p(k) 24mp(k)
P<y
for all sufficiently large y.
Now, by Gallagher’s larger sieve,
A < —drey/ek)
~ —log N + 8D
BN+ 2pem 30
o (o)
T
=24m y%(l +0(1))
< 24 mkYm (48m)%(10g N)%
< 1152 mkw (log N)n . O

Proof of Theorem 2. This follows from the contrapositive of Theorem
1 by choosing
m = |loglog N |. O

Proof of Corollary 1. This follows from the contrapositive of Theorem

1 by choosing
loglog N
=|—. O
<]
Proof of Corollary 2. We choose an integer m in such a way that
1

— < 4.
m

Then for all sufficiently large N we have
| Al > e(log N)° > Cgmk:%(log N)%

with Cy as in Theorem 1. Hence (for all sufficiently large N) the
contrapositive of Theorem 1 implies that

| B| < Cym?klog N,

where (] is the same constant as in Theorem 1. O
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Proof of Corollary 3. For the first part of Corollary 3, we start out with
considerations for sufficiently large N which are similiar to those in the
proof of Theorem 2: as B is bounded from below by

3kCyloglog N > 3kCs|loglog N | exp(loglog N/|loglog N ),

we also know by (the contrapositive of) Theorem 1 that A is bounded
from above by

| A| < Cy(loglog N)?*klog N.
Moreover, | A| > 3kCsyloglog N by assumption. Therefore there exists
some integer m € [1, 2k loglog N] such that

Com?k log N < | A| < Cy(m + 1)%k log N.
Now another application of Theorem 1 gives
| A| < Cym*klog N.
We multiply the upper bounds on | A| and | B|, which yields the bound
| Al Bl <& m®(log N)* i

As remarked earlier, we have m € [1,2kloglog N|, so we can further
estimate

| A|| Bl <, m*(log N)'""m < (log N)2.

The case | A| € [3kCyloglog N, 8log N| as well as the second state-
ment follow analogously. 0
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